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Defibrillation is the standard clinical treatment used to stop ventricular fibrillation. An electrical
device delivers a controlled amount of electrical energy via a pair of electrodes in order to reestablish
the normal heart rate. We propose a new technique that is a combination of biphasic shocks applied
with a four-electrode system rather than the standard two-electrode system. We use a numerical
model of a one-dimensional ring of cardiac tissue in order to test and evaluate the benefit of such
a new technique. We compare three different shock protocols, namely, a monophasic and two
types of biphasic shocks. The results obtained by using a four-electrode system are compared
quantitatively with those obtained with the standard two-electrode system. We find that a huge
reduction in defibrillation threshold is achieved with the four-electrode system. For the most efficient
protocol (asymmetric biphasic), we obtain a reduction in excess of 80 % in the energy required for
a defibrillation success rate of 90 %. The mechanisms of successful defibrillation are also analyzed.
This reveals that the advantage of asymmetric biphasic shocks with four electrodes lies in the
duration of the cathodal and anodal phase of the shock.
I. INTRODUCTION
The electrical activity of a fibrillating heart is in a
highly disorganized dynamical state maintained by one or
more meandering spiral waves [1]. If not treated within
minutes, ventricular fibrillation is lethal. The only ex-
isting medical treatment for ventricular fibrillation is de-
fibrillation achieved by imposing electric shocks. This
means the application of one or several external stim-
uli via two electrodes placed either externally over the
chest or implanted subcutaneously in case of the inter-
nal cardioverter-defibrillator (ICD). The delivered energy
during such shocks is between 150 to 360 J in the case
of transthoracic defibrillation [2–4] and between 30 to 40
J in the case of ICD [5]. Unsurprisingly, in view of the
large amount of energy involved in defibrillatory shocks,
several side-effects have been reported, including pain [6],
cardiac hemodynamics malfunctions [7], contractile mal-
functions, etc. ICD devices have an additional size prob-
lem, as their size scales with the energy required. Nowa-
days, for both external and implanted defibrillators, the
defibrillation protocol is biphasic: the polarity of the elec-
trodes is reversed during the course of the defibrillation
shock [5, 8]. The first manufactured defibrillators, how-
ever, were monophasic. The technique of polarity rever-
sal has allowed to achieve an energy saving of 25% for the
external defibrillators [4]. Monophasic shocks delivered
typically between 200 and 360 J of energy and the bipha-
sic defibrillators deliver about 150 to 200 J [2, 4, 8, 9].
There have been different attempts to reduce the defib-
rillation thresholds by, e.g., reversing the polarity of the
shock during the defibrillation and optimizing the rever-
sal time, waveform and duration of the shock [5, 8, 9].
In this paper we study a new technique that is based on
combining a four-electrode system with biphasic shocks
rather than using the standard two-electrode system. In
order to test the efficiency of this new technique, we use
a numerical model to evaluate the benefits of such a four-
electrode system. The numerical model describes the
dynamics of the action potential propagation in a one-
dimensional ring of cardiac tissue. The electrical behav-
ior of the cardiac tissue is modeled through the standard
bidomain model [10], and the Beeler-Reuter model [11]
is used for the active properties of the membrane. We
test three different shock types, viz., monophasic and two
types of biphasic shocks. The results obtained with the
new four-electrode technique are compared with those
obtained with the standard two-electrode technique. We
observe a drastic reduction in defibrillation threshold
with the four-electrode technique. Quantitatively, by us-
ing the four-electrode system, a reduction of an order
of magnitude in the energy needed for defibrillation is
achieved. This huge reduction in energy opens up the
perspective of building much more efficient defibrillator
devices.
The present study is motivated by the analysis of re-
sults obtained with the standard two-electrode system in
a simple model of a one-dimensional ring of cardiac tissue
[12] recently developed by the authors. In this study [12],
it was shown that the threshold E50, the applied electric
field corresponding to a 50% of probability of success for
defibrillation shocks, is achieved mainly by front to front
interactions or interactions of the front with the refrac-
tory tissue, while the threshold E90 needed for a 90%
of probability of success is mainly obtained through a
different mechanism, consisting of a direct activation of
the whole cardiac tissue. Examining the mechanisms for
defibrillation at low energy (i.e. small applied electric
fields), led to the hypothesis that the addition of two
electrodes might substantially reduce the values of E90.
The present work confirms this hypothesis at least in a
simple one-dimensional model of cardiac tissue.
The paper is organized as follows. In Section II, we
describe the mathematical model that is used through-
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2out the paper to test the different defibrillation protocols
and we detail the methods that are used to analyze the
simulations. In Section III, the results of the numerical
simulations of the four-electrode system are compared
with those obtained with the two-electrode system. In
addition, the mechanisms associated with successful de-
fibrillation events are analyzed. In Section IV, we discuss
the limitations of the model and possible extensions to
more realistic models in two and three spatial dimensions.
We also comment about the possible medical applications
of our results. In Section V we draw some conclusions of
our work.
II. MODEL AND METHODS
A reentrant wave in a one-dimensional system is often
used as a simplified model of reentrant waves in higher
dimensions. This simplification of tachyarrythmic be-
havior was used to study the interaction of reentrant dy-
namics with external stimuli. This simplification was ex-
ploited in a seminal work by Glass and Josephson [13]
in the 1990s, in which a one dimensional geometry was
used to study the annihilation and the resetting of reen-
trant waves. This original study was further broadened
by the inclusion of conductivity heterogeneities and mul-
tiple stimuli [12, 14–18].
A. Governing Equations
The propagation of an electric wave (action potential)
in the cardiac tissue is described using the standard bido-
main model. This represents the myocardium as a con-
tinuum where the cell conductances are homogenized in
space [10]. The transmembrane potential Vm = Φi − Φe
satisfies
∂Vm
∂t
= − iBR + iep + ifu
Cm
+∇·(Di · ∇Vm)+∇·(Di · ∇Φe) ,
∇·[(Di +De) · ∇Φe] = −∇·(Di · ∇Vm)− ie
χCm
, (1)
where Φe is the extracellular electrical potential, Φi is
the intracellular electrical potential, Cm is the mem-
brane capacitance (≈ 1µF/cm2 for the membrane of the
cardiac myocytes), χ is the myocyte surface-to-volume
ratio (≈1,400 cm−1) and Di and De denote the intra-
cellular and extracellular diffusion tensors. These ten-
sors are related to the conductivity tensors σ through
the simple relation Di,e = σi,e/(χCm). In Eq. (1),
im = iBR + iep + ifu denotes the total transmembrane
current which is model-specific (see Sec. II B for details)
and ie denotes the injected current in the extracellular
region. This last term in Eq. (1) makes it possible to use
the bidomain model in order to simulate applied stimuli
to the cardiac tissue at the electrode locations.
Resistive discontinuities in the heart tissue, such as
cell-to-cell gap junctions, intracellular clefts or fiber ori-
entations, act as redistribution centers of intracellular
and extracellular currents and locally hyperpolarize or
depolarize the tissue [19]. If the depolarization is strong
enough at the heterogeneity location, an excitation wave
can be produced [20]. These local hyperpolarizations or
depolarizations are known as virtual electrodes (VE) [21].
In the present model, in order to mimic the heterogeneity
of the cardiac tissue, we have superimposed to the intra-
cellular conductance a Gaussian noise in such a way that
the intracellular diffusion tensor is modified according to
Di(xi) = D¯i (1 + s˜ δi) , (2)
where D¯i is the average value of intracellular diffusion,
set to 1.5 · 10−3cm2/ms, δi is a random variable drawn
from a Gaussian distribution with zero mean and unit
variance and s˜ is a parameter that controls the strength
of the heterogeneities and is set to s˜ = 0.15. Note that xi
denotes the grid location and that the grid spacing ∆x =
xi+1 − xi has been set in this study to ∆x = 0.025 cm.
Here, the extracellular diffusion is taken constant asDe =
1.5 · 10−3cm2/ms. A more realistic description of the
tissue heterogeneities should also include heterogeneities
in the extracellular region as well as a model for the gap
junction dynamics through the connexins [22] but this is
left for a future work.
B. Membrane Model
we use a modified version of the Beeler–Reuter (BR)
[11] model to describe the active properties of the cell
membrane. The original BR model contains four contri-
butions in the transmembrane current: iBR = iK + ix +
iNa+is. The ionic current iBR is the sum of currents car-
ried by the potassium ions (iK is the time-independent
outward current, ix is the time-dependent outward cur-
rent), the sodium ions (iNa is the fast excitatory inward
current), and the calcium ions (is is the slow inward cur-
rent). We take the same equations and parameter values
as in Ref. [23]. In particular, we use σ = 0.7 for the re-
duction of the time constants associated with the calcium
activation and inactivation gates d, f , respectively. Fur-
thermore, the calcium conductance is slightly modified
and set to gs = 0.07 mS/cm
2. This choice of parameter
values favors the instability of the action potential wave
and places the system in a state of cardiac alternans (see
details below and Fig.1a).
The parameters of the BR model were originally ob-
tained by fitting experiments performed in the normal
physiological range of transmembrane potentials. Some
modifications are needed to the original BR model in
order to describe the phenomena occurring at very low
or very high transmembrane potentials. These situa-
tions are commonly encountered when strong extracel-
lular stimuli are applied as it is the case during defibril-
lation shocks.
3It is known from electrophysiology experiments [24]
that anodal stimulation, although causing the local hy-
perpolarization of the underlaying tissue, can elicit a
propagating front upon termination of the stimulus. This
effect is called ”anode break excitation“ (ABE) [25]. Al-
though this effect has been observed in experiments [26–
28] on canine, rat and guinea pig ventricular myocytes,
it is not captured by the equations of the standard BR
model. Here, to account for the ABE, we adopt the model
developed by Ranjan et al. [28]. In the latter model,
ABE is brought by the hyperpolarization induced cur-
rent ifu in combination with time-dependent blockage
and unblockage of the potassium current. It is this time-
dependent unblocking of the outward potassium current
that potentiates the effect of the inward “funny current”
and brings the transmembrane potential over the thresh-
old value for the elicitation of a new action potential.
We adopt a full description of the Ranjan model of the
ifu current as well as the addition of a new gate vari-
able to transform the time-independent current iK into
a time-dependent current [28]:
ifu = gfu fu (V − Efu) , (3)
where Efu = −29 mV is the reversal potential for ifu,
gfu = 0.1 mS/cm
2 is the conductance associated with
the “funny current” and fu is a new gate variable based
on a Hodgkin–Huxley-type dynamics [28].
A second important modification brought to the
standard BR model concerns the electroporation phe-
nomenon. This phenomenon consists in the opening of
reversible, water-filled pores as a response to very high
applied electric fields. Experiments have shown that the
transmembrane potential saturates with increasing ap-
plied electric fields [29]. This behavior was not captured
with the first available mathematical physiological mod-
els of the membrane kinetics. De Bruin and Krassowska
[30] suggested that this behavior can be attributed to the
electroporation phenomenon and they developed a math-
ematical model in which electroporation current (iep) is
taken into account [30]:
iep = gp(Vm)NVm (4)
dN
dt
= α exp(βV 2m)[1−
N
N0
exp(−qβV 2m)]. (5)
where the conductance gp(Vm) is modeled as an instanta-
neous function of the transmembrane potential [30] and
N is the membrane pore density. Eq.(5) describes the
first-order kinetics of the pore density. The parameter
values α = 200 cm−2 ms−1 ; β = 6.25 10−5 mV−2 and
N0 = 1.5 10
5 cm−2 used here are the same as in the origi-
nal paper by De Bruin and Krassowska [30]. The strength
of this electroporation current depends on the opening
and resealing of pores and has a nonlinear dependence
on Vm as shown in Eq.(5). The electroporation current
has been incorporated to our transmembrane model in
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FIG. 1: (Color online) a) Space-time plot of the
discordant-alternans wave on the one-dimensional ring.
The vertical axis is space (L = 6.7cm) and it is rescaled
to the phase variable varying in [0, 2pi] radians. The
color-coding quantifies the values of the transmembrane
potential Vm in mV units (Top color bar). The locations
of the four electrodes Xi (i=1,...,4) are also depicted. b)
Snapshot of Vm taken from (a) at time t = 400 ms.
order to avoid the transmembrane potential reaching un-
physically large values (positive and negative) during the
shocks. In our simulations, the iep current is included to
Eq.(1) only if Vm < −180 mV or Vm > 150 mV, i.e. only
when strong deviations from the physiological conditions
are observed.
C. Numerical Defibrillation Experiments
All the calculations presented in this paper have been
performed on a one-dimensional ring of cardiac tissue.
The ring size (L = 6.7 cm) was selected in order to get a
sustained discordant-alternans dynamics. This dynami-
cal state is of interest because it is known to be a pre-
cursor of the fibrillation state [31]. A typical space-time
plot of the wave propagation, depicted in Fig.1a, shows
the periodic propagation of the action potential along
the ring and the irregular variation of the action poten-
tial duration. Also shown in Fig.1a are the locations of
the four actuating electrodes indicated by the labels Xi
(i = 1, ..., 4) and corresponding dots. The four electrodes
are equispaced along the circumference of the ring. The
4FIG. 2: Illustration of the four-electrode system setup.
Hatched arrows and hatched rectangles denote the
anodes (injection of positive charges into the
extracellular region). Black arrow and black rectangles
denote the cathodes. a) Positions of the electrodes on
the ring (stimulus sites) for the monophasic and first
phase of the biphasic shocks. b) Illustration of the
applied monophasic, biphasic I and biphasic II shocks
through the electrodes X1 and X2. The electrode X3
receives the same charge as the electrode X1. Electrode
X4 receives the same charge as the electrode X2. The
total shock duration is always set to 8 ms. Note that
the waveforms are rectangular.
discordant-alternans dynamics shown in Fig.1a is charac-
terized by two periods, one associated with the propaga-
tion of the wave along the ring and one associated with
the intrinsic action potential duration variation. The two
frequencies associated with this quasi-periodic dynamics
can be easily determined by computing the Fourier spec-
trum of the signal at a fixed location. With the parame-
ters of our model, the two frequencies are approximately
f1 = 5.07 Hz and f2 = 0.33 Hz. The first frequency is
associated with the time taken by a wave to go around
the ring, T1 = 197 ms. The second frequency is associ-
ated with the time taken by a node (location where the
action potential has a minimum duration) to go around
the ring, T2 = 3, 030 ms. Figure 1b displays a snapshot
of an action potential at time t = 400 ms. The positions
of the wave front φf and the wave back φb are also indi-
cated. Note that in the remainder of the paper, the space
variable x ∈ [0, L] along the circumference of the ring is
converted into a phase variable φ ∈ [0, 2pi]. Following
standard practice, the front locations are calculated from
a 90% decrease of the maximum depolarization value of
Vm (APD90 = (φf − φb) mod 2pi). The numerical ex-
periments are designed to test defibrillation shocks in
the following way. From the undisturbed quasiperiodic
dynamics (see Fig.1a), we pick up as initial conditions
for defibrillation a very large sample (n = 2, 000) of
states. The time interval between consecutive saved ini-
tial states is randomly chosen in the range of [28, 38] ms.
We have verified that for such time the cross-correlation
between successive states has already decreased substan-
tially. Specifically, the time correlation function com-
puted from the dynamics shown in Fig.1a is in the range
between [0.42, 0.2] if time is in the range of [28, 38] ms.
This ensures some degree of statistical independence be-
tween the saved initial states. Then for all the elements
of this large sample, a shock of 8 ms duration is ap-
plied through the point electrodes as illustrated in Fig.2.
Three different shock protocols have been tested as indi-
cated in Fig.2. Monophasic (M), in which the polarity of
the electrodes is maintained during the whole shock dura-
tion, symmetric biphasic in which the electrode polarity
is reversed at the middle of the shock and asymmetric
biphasic in which the polarity is reversed at 75% of the
total shock duration. We will refer here to symmetric
biphasic as biphasic 1 (B1) and to asymmetric biphasic as
biphasic 2 (B2). The defibrillation is classified as success-
ful if all the electrical activity has stopped in the system
1,000 ms after the shock. For the two-electrode system,
the electrodes are located pi radians apart on the ring and
for the four-electrode system (FE) they are located at a
distance of pi/2 radians apart (see Fig.2). Note that the
waveforms for the protocols are rectangular and are an
approximation of the exponentially decaying waveforms
of commercial defibrillators.
The percentage of success in removing all the electrical
activity in the ring is calculated by averaging the results
obtained with all different initial conditions (n=2,000)
and for all the different noise distributions of tissue het-
erogeneities. The tissue heterogeneities (see Sec. II A)
are modeled by 50 independent Gaussian noise distribu-
tions added to the internal conductance in the case of the
four-electrode system and 80 independent Gaussian noise
distributions in the case of the two-electrode system [12].
These simulations are repeated for increasing values of
the applied electric field E (V/cm). The latter is mea-
sured by E = (Φa − Φc)/∆L, where Φa and Φc denote
the extracellular electrical potential of consecutive an-
ode and cathode, respectively and ∆L = the separation
between them, here ∆L = 6.7cm/4 = 1.675 cm for the
four-electrode system and ∆L = 6.7cm/2 = 3.35 cm for
the two-electrode system. In the present configurations
the electric field is constant in magnitude but switches
direction after each electrode.
D. Numerical Techniques
The parabolic equation associated to the transmem-
brane potential Vm and the ODEs associated with the
gate dynamics were solved using a simple forward Euler
method. The Poisson equation, the most time consum-
ing part of the computation, was solved using the KSP
solver (KSPSolve) of the PETSc library [32]. The in-
tegration method is based on the generalized minimal
residual method (GMRES) [33]. During the shock ap-
plication and for 10 ms after the shock termination, the
time step is fixed to δt = 0.001 ms, while for the rest
of the simulation the time step was set to δt = 0.01 ms.
In order to speed up the calculations, lookup tables were
created and used whenever complex functions were re-
peatedly evaluated as for example in the gate variable
evolution equations. Periodic boundary conditions were
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FIG. 3: (Color online) Two-electrode system.
Numerical data (boxplot) and fitted dose-response
curve (according to Eq.(6) solid blue lines; and Eq.(7)
dashed red lines) for monophasic (a), biphasic I (b) and
biphasic II (c) protocols.
used to simulate the one dimensional ring geometry. It
means that at each time step we impose Vm(0) = Vm(N)
and Vm(N + 1) = Vm(1) for the grid points i = 0 and
i = N +1 and the same periodic boundary conditions for
the extracellular electrical potential Φe. The spatial dis-
cretization mesh was fixed to δx = 0.025 cm and the total
length of the ring was selected as L = 6.7 cm (N=268).
The external stimulus is applied through current injec-
tion into the extracellular region using the ie term of
the Eq.(1). The current injection sites or electrodes are
placed equidistantly along the circumference of the ring
as shown in Fig.2.
E. Statistical Data Analysis
1. Dose-response curve
Let us recall that the main purpose of the paper is
to measure the efficacy of the defibrillation shocks when
the applied electric field is increased. The dose-response
curve which is a plot of the percentage of success ver-
sus the applied electric field is commonly used in as-
sessing defibrillation efficacy. The data typically show
a sigmoidal function that tends to zero for low applied
fields and saturating to 100% success rate for high ap-
plied fields. The data are fitted with a logistic curve.
This procedure was used for the data obtained by the
authors in the case of the two-electrode system [12] (see
Fig. 3).
The form of the logistic curve is given by :
log
(
p
1− p
)
= β0 + β1E, (6)
where p is the probability of success and E is the applied
electric field (V/cm) in the shock. The goodness of fit
(GOF) for logistic functions can be assessed by comput-
ing the pseudo-R2 given by McFadden [34] which is a
generalization of the standard R2 used in linear regres-
sion.
When we analyze the data for the four-electrode con-
figuration (see Sec. III, Fig. 4) we will observe that
the simple logistic curve Eq.(6) is not adequate to fit the
data. In order to account for the added complexity in the
data, we have used a generalized additive model (GAM)
[35]. This model is a generalization of Eq.(6) that takes
the following form:
log
(
p
1− p
)
= β0 + β1 · s(E) (7)
in which s(E) is a now a smooth function of the predic-
tor (E) that in our case is a linear combination of cubic
splines that are determined to minimize the error of the
fit through an optimization algorithm [35]. Here, the
GAM fitting was performed by using the corresponding
R package [36] mgcv [35, 37, 38]. The number of base
functions (splines) used for the description of the func-
tion s(E) was taken to be (k = 21) for the four-electrode
fittings and (k = 10) for the two-electrode fittings. The
improvement of the GAM fitting (Eq. (7)) over the clas-
sical logistic regression (Eq. (6)) is quantified by com-
puting the corresponding pseudo-R2 given by McFadden
[34].
2. Estimation of the standard errors by bootstrap techniques
When using a fitting software one generally obtains
the fitting curve plus the standard error (or confidence
interval) for the fitting curve. The latter is computed by
making a series of assumption on the statistical distribu-
tion of the data around the fitting curve. In the specific
case of the generalized linear model (GLM) fitting one
generally assumes that the deviance residuals follow a
binomial or normal distribution [35]. For the data that
we have treated in this paper, for both cases (i.e. the
two and the four-electrode system), the data do not fol-
low such distribution. The easy way to evaluate standard
errors of the fit parameters when the data do not follow
the assumed distribution is to use bootstrap techniques
[39]. The technique is based on the many repetitions of
the data by resampling the available data set. In our
case, it means that we make 10,000 copies of the data by
extracting new data using resampling with allowed rep-
etitions. Each one of the 10,000 copies are then fitted
using GAM and GLM methods and the corresponding
fitting parameter are extracted. Here, we are interested
in extracting from the fitting curves the values E50 and
E90 that correspond to the electric field associated with a
50 % and 90 % probability of defibrillation, respectively.
The statistical distribution of the E50 and E90 extracted
from the bootstrap follows (as expected) a normal distri-
bution and the standard error is identified to the stan-
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FIG. 4: Four-electrode system. Numerical data
(boxplot) and fitted dose-response curve (according to
Eq.(7)) for monophasic (top), biphasic I (middle) and
biphasic II (bottom) protocol. Stacked bars represent
the classification of defibrillation mechanisms for
electric fields corresponding to: E=1V/cm, 3V/cm ,
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TABLE I: E90 and E50 estimated values plus standard
error for the two-electrode and four-electrode systems
using GAM fitting Eq.(7). pseudo-R2 are also provided.
4 electrodes 2 electrodes
DP R2 E50(V/cm) E90(V/cm) R
2 E50(V/cm) E90(V/cm)
M 0.95 0.59 ±0.003 4.75 ±0.15 0.95 3.40 ±0.05 6.74 ±0.09
B1 0.98 1.21 ±0.005 5.19 ±0.08 0.96 3.47 ±0.04 6.04 ±0.06
B2 0.99 1.28 ±0.004 2.32 ±0.01 0.96 3.39 ±0.06 5.80 ±0.07
dard deviation of the parameter estimates. The results
obtained through the bootstrap techniques are gathered
in Tables I & II in Sec. III.
III. RESULTS
A. Dose-response curve
Figure 4 shows the numerical data and fitting results
(according to Eq.(7)) corresponding to the four-electrode
system and the three tested protocols. The curves for
the monophasic and the biphasic I protocols in Fig. 4
display two plateaus: a) the expected saturation plateau
for high field values and a second small plateau in the
range of 2 to 3 V/cm. Therefore, the Eq.(6) for one-
TABLE II: E90 and E50 estimated values plus standard
error for the two-electrode and four-electrode systems
using GLM fitting Eq.(6). pseudo-R2 are also provided.
4 electrodes 2 electrodes
DP R2 E50(V/cm) E90(V/cm) R
2 E50(V/cm) E90(V/cm)
M 0.78 0.97 ±0.03 4.53 ±0.11 0.94 3.09 ±0.03 6.79 ±0.08
B1 0.83 1.61 ±0.01 4.31 ±0.06 0.94 3.22 ±0.02 6.03 ±0.06
B2 0.94 1.17 ±0.01 2.23 ±0.02 0.94 3.04 ±0.02 5.84 ±0.06
predictor logistic regression previously employed in the
two-electrode system (see Fig.3) is no longer a suitable
choice for fitting the data of the four-electrode system
shown in Fig. 4 and the generalized additive model [35]
described above needs to be used.
Tables I & II gather all the information of the E90 and
E50 threshold values extracted from the curve fittings
using the GAM and GLM techniques, respectively. For
the sake of comparison, we have provided the results of
the E90 and E50 for the two types of fitting and also the
pseudo-R2 given by McFadden [34]. The standard errors
were computed by bootstrap techniques (with 10,000 rep-
etitions). The first observation is that for the data of the
two-electrode system [12] both types of fitting give sat-
isfactory results and especially for E90 values we do not
observe large differences between the two types of fitting.
This no longer holds true for the four-electrode system
where the values for the GLM and GAM fitting are dis-
crepant. The GAM fittings provide much higher values
for the pseudo-R2 and therefore are a better model for
our data. In the following we will analyze in more detail
the values given in Table I.
The analysis of the threshold values E90 are of high
interest for the defibrillators. The difference in E90 be-
tween the M and B2 protocol for the two-electrode system
leads to a decrease in energy of approximately 26% in fa-
vor of the B2 protocol. This result follows very closely
the values found in the medical literature [40, 41]. The
same comparison, in the case of the four-electrode sys-
tem, leads to a decrease in energy of approximately 76%
in favor of the B2 protocol when compared to the M pro-
tocol. Another important comparison is the difference
between the E90 values for the two- and four-electrode
systems. The decrease in energies, according to the val-
ues given in Table I, between the four- and two-electrode
system are : 50 % for the M protocol; 26 % for the B1
protocol and 84% for the B2 protocol.
B. Defibrillation mechanisms
A direct observation of the successful defibrillation
events indicates that, as in the case of the two-electrode
system, there are four distinct mechanisms: (1) Direct
block (DB), (2) Annihilation (An), (3) Delayed block
(De) and (4) Direct activation (DA). The four mecha-
7TABLE III: Classification of the shock outcomes obtained by the ANN analysis at four shock strengths (E=1, 3, 5
and 7 V/cm). The probability (in percents) and its standard deviation (in parentheses) are given for each possible
shock outcome.
E (V/cm) Protocol Failure Direct block Annihilation Delayed block Direct activation
Monophasic 39.08 5.20 (0.97) 10.73 (0.28) 44.99 (1.04) 0 (−)
1 Biphasic 1 62.69 0.42 (0.59) 19.03 (0.90) 17.86 (1.18) 0 (−)
Biphasic 2 62.72 0.41 (0.25) 10.10 (0.33) 26.78 (0.41) 0 (−)
Monophasic 25.01 4.92 (0.31) 18.68 (0.57) 51.39 (0.56) 0 (−)
3 Biphasic 1 22.69 0.25 (0.14) 26.42 (1.10) 50.65 (1.10) 0 (−)
Biphasic 2 3.39 0.013 (0.015) 28.97 (1.25) 67.62 (1.26) 0 (−)
Monophasic 8.85 0 (−) 9.58 (0.49) 52.61 (0.75) 28.95 (0.80)
5 Biphasic 1 11.34 0 (−) 7.03 (0.74) 33.66 (0.90) 47.97 (0.76)
Biphasic 2 0.19 0 (−) 12.49 (0.67) 44.41 (0.91) 42.92 (1.33)
Monophasic 2.64 0 (−) 1.51 (0.41) 35.30 (0.96) 60.56 (0.68)
7 Biphasic 1 1.44 0 (−) 0.19 (0.067) 8.93 (1.10) 89.44 (1.10)
Biphasic 2 0.46 0 (−) 0.25 (0.12) 12.77 (1.79) 86.51 (1.84)
nisms typically occur at increasing values of the electric
field E. Some examples are displayed in Fig. 5. The
DB mechanism is specific of the monophasic protocol. In
this case, the initial front is suddenly halted by a hyper-
polarized region created by the anodal stimulus and the
wave is directly blocked. If no other fronts are created
by means of virtual or real electrodes, the defibrillation
is successful. An illustration of the DB mechanisms is
shown in Fig.5a where the shock strength is E=1V/cm
and the shock protocol is monophasic. A second type of
successful defibrillation can be achieved by means of the
annihilation (An) mechanism, in which all the electrical
activity on the ring is stopped by the collision of two
counter propagating fronts. Figure 5b shows an example
of the annihilation mechanism where the shock energy is
E=3V/cm and the shock protocol is the biphasic 2. In
this case, the electrode located at position X3 is anodal
in the first phase (from t=0 to 6 ms) and cathodal in
the second phase (from t=6 to 8 ms). For the electrode
at X3, the short depolarization is sufficient for eliciting
two new fronts. The downward front annihilates with the
initial front that existed in the ring prior to the shock,
and the upward front annihilates with the front elicited
by the electrode located at position X4. A third mecha-
nism of defibrillation is the so-called delayed block (De).
It consists in the blockage of the surviving front passing
through a region with refractory tissue. An example of
this mechanism is shown in Fig.5c. In this case, the shock
energy is 5V/cm and the shock protocol is monophasic.
In Fig.5c, one observes that the shock energy is sufficient
to produce virtual electrodes (VE) and one of those VE
produces a new front. This front propagates until it en-
counters a region of refractory tissue where it is blocked.
Finally, the last mechanism is the so-called direct ac-
tivation mechanism because the shock activates a large
portion of the cardiac tissue. When the tissue returns
back to the rest state, none of the waves survive. An
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FIG. 5: Space-time plots of Vm showing examples of
defibrillation mechanisms. The shock is applied through
a four-electrode system. (a) Direct block (Monophasic,
E=1V/cm) (b) Annihilation (Biphasic 2, E=3V/cm) (c)
Delayed block (Monophasic, E=5V/cm) (d) Direct
activation (Biphasic 1, E=7V/cm). The shock is
applied during the first 8ms. The time scale of all the
plots is magnified 10 times for t ∈ (0,18) with respect to
t > 18ms. A nonlinear color scale for Vm is used for all
the plots.
example of the direct activation mechanism is shown in
Fig.5d. In this case the shock energy is equal to 7 V/cm
and the shock protocol is the biphasic 1. The initial front
is close to the X2 electrode. The energy of the shock is
large enough to produce many virtual electrodes in the
region between the X2 and X4 electrodes.
Because of the large number of simulations, we have
performed an automatic classification of the defibrillation
mechanisms using artificial neural networks (ANN) [42].
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FIG. 6: Histograms showing the number of successful
defibrillation trials via the delayed block mechanism.
Here φf denotes the position where the blocked front
was last detected before being blocked. Histograms are
compared for monophasic (upper plot), biphasic 1
(middle plot) and biphasic 2 (lower plot) protocols.
Note that the results for E=1V/cm are depicted with
narrower hatched bars for the sake of clarity.
The details of the classification method are described in
the Appendix. Four values of the electric fields, i.e., E=1,
3, 5 and 7V/cm, were analyzed in detail for each proto-
col. The results are shown in Fig. 4 and summarized
in Table III. For low shock energies, around E=1V/cm,
the monophasic shock protocol is the more efficient and
the two biphasic protocols have similar failure rate. Mean
failure rates corresponding to the M, B1 and B2 protocols
are approximately 39%, 62.7% and 62.7%, respectively.
At low shock energy, we do not observe the creation of
virtual electrodes, but some new fronts are created at the
location of the physical electrodes, if the shock is depo-
larizing there. Figure 4 and Table III confirm that the
better efficiency of monophasic shock at E=1 V/cm is es-
sentially due to the delayed block mechanism. Recall that
the mean failure rates at the same energy (E=1 V/cm)
for the two-electrode system and for the M, B1 and B2
protocols were approximately 73%, 83% and 85%, respec-
tively [12]. Therefore, for low energy, the shock outcome
is significantly improved with the four-electrode system
compared to the two-electrode system.
As the field strength increases to 3 V/cm (see Fig.
4), the success rates for the M and B1 protocol reach
a first plateau, while the success rate for the B2 proto-
col is already above the 95% level which results in the
aforementioned low threshold E90. It is instructive to
look at the mean values of the success rate for this shock
strength (E=3V/cm): 75% (M), 77% (B1) and 97% (B2).
For the same field value (E=3V/cm), the corresponding
mean values for the two-electrode system were 44% (M),
44% (B1) and 46% (B2). By comparing the observed
defibrillation mechanisms at energy equals to 3V/cm in
Fig. 4, we see that the main difference between the B2
protocol and the other two protocols is the very large
percentage of delayed block defibrillation.
In order to investigate this result further, we have ana-
lyzed the delayed block mechanism in greater detail. We
have proceeded in the following way: for every defib-
rillation trial that was successful via the delayed block
mechanism we have kept the value of the front location
where the front was last seen. This point on the ring
corresponds to φf (t = t
′) (see Fig.1), where t′ indicates
the time where the front is blocked.
The distributions of the φf (t
′) points are shown in his-
tograms in Fig.6. In Fig.6, the labels X1, X2, X3 and
X4 refer to the position of the electrodes matching those
in Fig.2. From Fig.6, one clearly sees that M protocol
displays two higher peaks just before the two cathodes
located at X2 and X4. Since all fronts used for building
the histograms are propagating counterclockwise (i.e. φf
increases with time), we conclude that the delayed block
mechanism occurrs due to tissue depolarization by the
cathode (the surviving front could not go through the
refractory region created by a cathodal stimulus). The
histogram (Fig.6, middle graph) corresponding to the B1
protocol shows two high peaks but in this case right be-
fore the electrodes located at X1 and X3. These elec-
trodes have a second phase that is depolarizing (cathodal
stimulus) and therefore generate also a refractory region
as in the case of the protocol M. The results for the proto-
col B2 are somewhat different and more interesting. The
histogram (Fig.6, lower graph) shows four peaks just be-
fore each of the four electrodes. In this latter case, all
the electrodes have a cathodal character that generates a
refractory region. Thus the high success rate of defibril-
lation for the B2 protocol for E=3V/cm is explained as
result of the combined properties of the M and B1 pro-
tocols where delayed block can occur behind each of the
four electrodes.
In order to illustrate the discussion of the previous
paragraph, we have constructed space-time plots corre-
sponding to two different initial conditions (example A
and example B) in Fig. 7. All the defibrillation protocols
were tested with two different initial conditions. Both
sets show examples with shock strengths corresponding
to E=1V/cm and E=3V/cm. In the cases displayed in
Fig. 7, all the successful defibrillations were obtained via
the delayed block mechanism. Let us first consider ex-
ample A with a shock with E=3V/cm. Figures 7.(a4-a6)
show an unsuccessful M and successful B1 and B2 shocks.
The latter two succeded because of a front blockage at
X3. The second phase for biphasic shocks is cathodal at
location X3. However, protocols M are anodal at the po-
sition X3 and render the tissue more excitable and there-
fore hinder the front blockage. Figures 7.(b4-b6) show
the results corresponding to the example B. In this case,
the protocols M and B2 result successful and the B1 pro-
tocol is unsuccessful. The front is blocked at location X4
for both the M and B2 shocks, where the tissue is refrac-
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FIG. 7: Space-time plots of Vm for two different initial condition. Example A : φf (t = 0) = 2.22rad and Example B:
φf (t = 0)=3.27rad. An external shock is applied during the first 8ms. To highlight the effect of the shock, the time
resolution is one order of magnitude larger for t<18ms. Space-plots are shown for two shock strengths : E=1V/cm
and E=3V/cm (columns) and all three protocols (rows). Note that we have used a nonlinear color scale for Vm to
enhance clarity.
tory. Monophasic shocks at X4 are purely cathodal, but
the second phases of B1 and B2 shocks at X4 are anodal.
However, the duration of the second phase for B2 pro-
tocol is only 2ms and therefore it is not long enough to
render the tissue excitable. This is not the case for the
protocol B1, for which the second phase lasts for 4ms and
it is long enough to hyperpolarize the tissue at X4 and
allows the front to propagate through X4.
C. Importance of the duration of the second phase
Our analysis in the previous section demonstrates that
the high success rate for the protocol B2 at E= 3V/cm
is due to the appropriate durations of the first and the
second phase of the shock. These durations are such
that they produce the largest amount of refractory re-
gions along the ring and therefore lead to the maximum
elimination of the propagating fronts. Following this hy-
pothesis it would be interesting to check the effect of a
modification of the duration of the second phase of the
protocol B2 while maintaining a fixed value of the field,
i.e., E= 3V/cm. In this section we have examined how
the duration of the second phase affects the defibrillation
success rate. Figure 8 displays the numerical results ob-
tained for the success rate while varying the duration of
the second phase. Let us first note that in Fig. 8 when
the duration of the second phase is equal to 0ms and 8ms
one retrieves a monophasic shock. The former case (i.e. 0
ms) corresponds to the monophasic shock as schematized
in Fig.2, while the latter case (i.e. 8 ms) corresponds to
a reversed placement of the anode and cathode with re-
spect to the former case. The results of success rate for
both monophasic shocks are comparable within the error
bar of each other, which provides an additional check of
the consistency of the simulations. In the same manner,
when the duration of the second phase is equal to 4ms
one gets the protocol B1 results.
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FIG. 8: Dependance of the defibrillation success rate
on the duration of the second phase (in ms) for the
biphasic protocols. The shock strength is fixed to
E=3V/cm. The total shock duration is also kept fixed
at 8 ms.
The important message from Fig. 8 is that the per-
centage of defibrillation exhibits a marked maximum for
a second phase duration in the range of 1.5 ms to 2.5 ms
and a minimum for a second phase of duration around 1
ms. If we examine the defibrillation mechanisms corre-
sponding to the shocks with a second phase duration of
2 ms with the other shocks, we see again that the main
difference lies in the very high fraction of delayed block
events. Indeed, when comparing the mechanisms for sec-
ond phase duration equal to 2 ms and 3 ms for which the
fractions of the annihilation are equal within the error
bar, the difference is caused solely by the larger propor-
tion of delayed block mechanism in the case of duration
equals to 2 ms.
IV. DISCUSSION SECTION
A. Discussion about the number of simulation runs
In this paper we compare the relative efficacy of a two-
and four-electrode system to eliminate the electrical ac-
tivity present in a one-dimensional piece of cardiac tissue
prior to the shock. In order to perform the compari-
son a very large number of simulations were carried out
(4.8 millions simulations for the two-electrode [12] and
8.4 millions for the four-electrode system). An immedi-
ate comment comes into mind when such large number
of simulations are performed. Was it necessary? Such
large number of simulations yields very precise statis-
tics and enables comparison and classification of the rel-
ative efficacy of the defibrillation protocols with high re-
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FIG. 9: (Color online) Statistical power calculation for
the comparison between the M and B2 protocols
(one-tail, α = 0.05). (a) two-electrode system (based on
the GLM fitting). (b) four-electrode system (based on
the GAM fitting). The parameters R and IC indicate
the number of rings and initial conditions, respectively.
liability. One-dimensional simulations are not very time
consuming and this large number of simulations can be
handle in a few weeks with a dedicated small cluster
of computers. When it comes to more realistic two-
or three-dimensional simulations the simulation cost in-
creases rapidly and therefore we can not hope doing such
a large number of simulation runs. Here we study how
the statistical power linked to the statistical comparison
between different protocols would degrade when reducing
the number of simulations. Let us recall that the power
(1− β) of a statistical test is related to the type-II error
β that is the probability of not identifying an effect from
the data when there is one. In Fig. 9 we have computed
the statistical power of the comparison between the E90
of the monophasic and biphasic 2 protocols for the two-
and four-electrode systems as a function of δ which is the
true difference of the protocol efficacy assuming that the
biphasic 2 is more efficient than the monophasic (one-tail
testing, with significance level fixed to α = 0.05). In Fig.
9, the parameters R and IC indicate the number of rings
and initial conditions that were used for computing the
power. The solid lines in Fig.9(a,b) correspond to the
cases where all the simulation data were used for com-
puting the power. If we recall that in the two-electrode
system we have found that E90(B2) - E90(M) ≈ 1 V/cm
and if we assume that this value is close to δ, we find
by examining Fig. 9(a) that we have a statistical power
very close to one if we use all the simulation data. Figure
9(a) shows that for a fixed value of δ, the power will de-
crease with R and IC. We observe that with R = 10 and
IC = 10, the power is about 80% for δ ≈ 1 V/cm which
is a decent value for the statistical power. Figure 9(b)
examines the variation of the statistical power for the
four-electrode system and we found that a large reduc-
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TABLE IV: Energy comparison for 90 % success
defibrillation for the two-electrode and four-electrode
systems and all the protocols
2 electrodes 4 electrodes
Protocol Energy (90 %) Energy (90 %)
Monophasic 200 J 99 J
Biphasic 1 162 J 119 J
Biphasic 2 148 J 24 J
FIG. 10: (Color online). The two standard electrode
positions for the two-electrode systems. (a)
Anterior-apex and (b) Anterior-posterior. These could
be combined at once to offer a four-electrode system.
tion of simulation runs would still give a decent statistical
power.
B. Findings and limitations
Our numerical simulations were analyzed in detail and
the defibrillation events were classified into four mecha-
nism [12], direct block, annihilation, delayed block and
direct activation. We have found that for high energy
shocks for which the direct activation is the prevailing
mechanism, the two systems (two- and four-electrode de-
vices) do not differ much in rate of success and underlay-
ing defibrillation mechanisms. The prevailing mechanism
behind the threshold E90 for the two-electrode system is
the direct activation mechanism, for which the shock en-
ergy must be high enough to excite sufficient virtual elec-
trodes in the cardiac tissue. In contrast, the threshold
E90 for the biphasic 2 protocol in the case of the four-
electrode system is as low as E= 2.32V/cm. For such low
fields, the defibrillation is achieved only by front to front
interactions or interactions of the front with refractory
tissue. We have shown that the mechanism behind the
superiority of the biphasic 2 protocol is the delayed block
mechanism but that a subtle tuning of the timing of the
second phase of the B2 protocol is necessary to obtain
very high defibrillation performance. For E=3V/cm, we
have found an optimum for a B2 protocol of 6 ms (phase
1) and 2 ms (phase2) durations.
The main results of the paper are summarized in Ta-
ble IV listing the values of the energy associated with a
90 % probability of defibrillation for the two- and four-
electrode systems and for all the protocols studied here.
We take as a reference the 200 J energy for the monopha-
sic shock in the two-electrode system which is a mean-
ingful value according to [4]. The relatively low value ob-
tained for the biphasic 2 protocol with a four-electrode
system is very striking and would mean a very efficient
defibrillator device if these results are confirmed in more
realistic simulations and experiments. One clear limi-
tation of the study is that we have constrained the dy-
namics to a one-dimensional piece of cardiac tissue, thus
eliminating many interesting 2D and 3D fibrillation dy-
namics such as spiral and scroll waves [43, 44].
Our study indicates that the timing of the shock and
the duration of the second phase of the biphasic shock
are crucial parameters in determining the efficacy of the
shock. We believe that the electrode location is also an
important parameter and that it should be studied more
thoroughly, the assumption of equally spaced electrode
made in this paper should be revisited (see Fig.2).
The discussion (see Sec.IV A) about the number of sim-
ulations needed to perform a reliable comparison between
the different protocols indicates that a much smaller
number of simulations could be used when dealing with
2D and 3D systems if the true differences between the
efficacy of the protocols stay the same as in the one-
dimensional case. This will make it possible to do this
study in the near future with the available computational
capacity.
C. Clinical realizations
As far as we know, there have been only few at-
tempts to test different multi-electrode configurations
[45–47] but these suggest marked benefits in using a four-
electrode system.
Munsif et al. [46] in a clinical study compared dual,
triple and quadruple electrode systems. A total of four
different electrodes were used: two intravascular catheter
electrodes, one active can shell electrode and one cuta-
neous patch electrode. A catheter electrode placed in the
right ventricle was always cathodal for the first phase of
the biphasic pulse, while other three possible electrodes
were always anodal in the first phase of the biphasic
pulse. The second catheter lead was positioned in the
superior vena cava, the cutaneous patch electrode in the
axillary position and the can electrode in the pectoral
position. The lowest threshold was achieved with a com-
bination of these four electrodes ((5.6 ± 3.6)J), while
the highest defibrillation threshold was achieved with the
two-electrode system (right ventricle and superior vena
cava, (14.2 ± 6.4)J).
Cooper et al. [47] performed another clinical investiga-
tion in which a total four electrodes were used to assess
the atrial defibrillation threshold. One pair of electrodes
was used to deliver a first shock, while a second pair of
electrodes was used to deliver a subsequent shock. Elec-
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trodes were positioned in the right atrial appendage, the
left subclavian vein, the proximal coronary sinus and dis-
tal coronary sinus. A significant reduction in defibrilla-
tion threshold was found for the two pair of electrodes de-
livering two subsequent pulses ((2.0 ± 0.4)J) when com-
pared with the standard pair of electrodes and one pulse
((5.1 ± 1.8)J).
Implanted multi-electrode devices have also been
patented [48–50]. For example, in a patent filed by Ideker
et al. [50], the authors describe a similar approach to the
one of Cooper et al. [47] where a total of four electrodes
are used to deliver two sequential defibrillating pulses.
Yamanouchi et al. [51] tested a three-electrode internal
defibrillator. They have shown that the addition of the
extra electrode improves the defibrillation efficacy.
V. CONCLUSIONS AND FUTURE WORKS
In this paper we have studied defibrillation induced by
three types of shock protocols, i.e., monophasic, biphasic
1, and biphasic 2. The interest of the present study is
that we have compared the efficacy of a four-electrode
and a standard two-electrode system. The results of
the defibrillation shocks were obtained through many
numerical simulations on a one-dimensional ring of car-
diac tissue. The initial state of the system, mimicking
the arrhythmic state, is a reentrant wave that exhibits a
discordant-alternans dynamics. All three four-electrode
protocols are consistently more efficient than their corre-
sponding two-electrode system counterpart. Among the
three protocols studied, the biphasic protocol B2 is by far
the most efficient. We have compared (see table IV) the
energy associated to 90 % defibrillation for the two and
four-electrode systems. We have found that the protocols
M, B1 and B2 in the four-electrode system save 50%, 26%
and 84% of energy when compared to the two-electrode
system. These important energy savings obtained with a
four-electrode system open the door to some further stud-
ies that consider more realistic models of four-electrode
defibrillators.
While our study only presents numerical results in a
simplified geometry, it would be interesting to test our
findings in a more detailed and realistic heart geometry.
The possible gain obtained by a four-electrode system is
further supported by the energy savings reported in the
clinical studies in which a similar setup was used. Per-
haps the easiest application can be taken in the hospital
settings, where patients with the risk of ventricular fib-
rillation are prepared with four self-adhesive electrodes
as shown in Fig. 10.
Given the advancement of the technology of the im-
planted defibrillators over the past thirty years and the
optimistic results obtained with a four-electrode setup,
one can hope that more efficient and less traumatic new
defibrillators will be designed in the near future.
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Appendix A: Automatic classification of
defibrillation mechanisms using Artificial Neural
Networks
In this paper, each energy was tested with 100,000
trials for the four-electrode system. This large num-
ber of trials renders a manual classification cumber-
some. Therefore, we have used an automatic classifica-
tion through the analysis of the numerical simulation by
the neural network method [42]. Each numerical simula-
tion is characterized by a number of characteristic param-
eters: initial wave front (φi) and wave back (φf ) phase
(Fig.1), wavefront width (φi−φf ), percentage of depolar-
ized tissue for different threshold levels (-60mV, -30mV,
0mV), trajectory points of the phase front, etc. These
parameters are gathered in a vector of 50 entries that
characterizes one trial simulation. The next step is to
associate the vector corresponding to a simulation to a
defibrillation events (if it occurs). The first phase of the
neural network method consists in training the neural
network by manually associating a vector to a mecha-
nism. Here we have used 400 defibrillation events for
each protocol (M, B1 or B2), i.e. 1,200 samples for a
particular shock energy. The set is then divided into a
training set (960 trials) and validation set (240 samples).
Two types of neural networks were used here for further
reducing the classification errors. One corresponds to a
ANN with two hidden layers of 14 neurons and the other
with a single hidden layer of 20 neurons. To further in-
crease the accuracy, a total of five different partitions of
the initial set were created (using the well-known tech-
nique of cross-validation). Thus each classification was
evaluated with total of ten different networks. This al-
lows to compute the standard error associated with the
classification procedure. This procedure was repeated at
four energy levels corresponding to: E=1V/cm, 3V/cm,
5V/cm, and 7V/cm. The neural network analysis was
performed using the MATLAB’s Neural Network Tool-
box [52].
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